We study the existence of a positive radial solution to the nonlinear eigenvalue problem Here are functions such that they are negative at the origin (semipositone) and superlinear at infinity. We establish the existence of a positive solution for λ small via degree theory and rescaling arguments. We also discuss a non-existence result for for the single equations case. 
We study the existence of a positive radial solution to the nonlinear eigenvalue problem Here are functions such that they are negative at the origin (semipositone) and superlinear at infinity. We establish the existence of a positive solution for λ small via degree theory and rescaling arguments. We also discuss a non-existence result for for the single equations case. Further, for i = , , the weight functions K i ∈ C  ([r  , ∞), (, ∞)) are such that K i (|x|) →  as |x| → ∞. In particular, we are interested in the challenging case, where K i do not decay too fast. Namely, we assume
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We then establish the following.
We prove this result via the Leray-Schauder degree theory, by arguments similar to those used in [] and [] . The study of such eigenvalue problems with semipositone structure has been documented to be mathematically challenging (see [, ] ), yet a rich history is devel- 
where is a bounded domain in R n , n ≥ , and establish an existence result when λ is small. The main motivation of this paper is to extend this study in the case of exterior domains (see Theorem .).
We also discuss a non-existence result for the single equation model:
for large values of λ, whenf , K  satisfy the following hypotheses:
We establish the following. Finally, we note that the study of radial solutions (u(r), v(r)) (with r = |x|) of (.) corresponds to studying
which can be reduced to the study of solutions (u(s), v(s)); s ∈ [, ] to the singular system:
Remark . The assumption (H  ) implies that lim s→
We will prove Theorem . in Section  by studying the singular system (.), and Theorem . in Section  by studying the corresponding single equation
(.)
Existence result
We first establish some useful results for solutions to the system
. This is also true for any nontrivial solution when l = .) We prove the following.
Proof of (i) Let λ  := π  , φ  := sin(πs). Here λ  is the principal eigenvalue and φ  a corre- (.). Multiplying (.) by φ  and integrating, we obtain
Hence we deduce that
where m := (ab ĥ -
, and m  :=
In particular, this implies
Since m  is independent of l, clearly this is a contradiction for l , and hence there must exists an l  >  such that for l ≥ l  , (.) has no solution.
Proof of (ii) Assume the contrary. Then without loss of generality we can assume there exists {l n } ⊂ (, l  ) such that u l n ∞ → ∞ as n → ∞. Clearly u l n (s) < , and v l n (s) <  for all s ∈ (, ). Let s (l n ) ∈ (, ), s (l n ) ∈ (, ) be the points at which u l n and v l n attain their maximums. Now since u l n (s) <  for all s ∈ (, ), we have
for s ∈ (s (l n ) , ).
}, and in particular, for s ∈ [
(s, t) (> ), and G is the Green's function of -Z with Z()
there exists a constant A >  such that
This is a contradiction since q  q  >  and
Proof of Theorem . We first extend f and g as even functions on R by setting f (-s) = f (s) and g(-s) = g(s). Then we use the rescaling, λ = γ δ , w  = γ u, and w  = γ θ v with γ > ,
, and δ =
. With this rescaling, (.) reduces to
Note that by our hypothesis (
, respectively. Note that proving (.) has a positive solution for λ small is equivalent to proving (.) has a solution (w  , w  ) with w  > , w  >  in (, ) for small γ > . We will achieve this by establishing that the limiting equation (when γ = ) where K (H(s, γ , Z(s)) 
is a compact perturbation of the identity. Clearly for γ > , if S(γ , w) = , then w = (w  , w  ) is a solution of (.), and if S(, w) = , then w = (w  , w  ) is a solution of (.).
We first establish the following. for some constant C > . But q  q  > , and hence this is a contradiction ifr >  is small. Thus there exists small r >  such that (.) has no solution w with w X = r for all τ ∈ [, ]. Now using the homotopy invariance of degree with the parameter τ ∈ [, ], in particular using the values τ =  and τ = , we obtain
By Lemma . and Lemma ., with  < r < R, we conclude that
and hence (.) has a solution w = (w  , w  ) with w  > , w  >  in (, ), and r < w X < R. Now we show that the solution obtained above (when γ = ) persists for small γ >  and remains positive componentwise.
Lemma . Let R, r be as in Lemmas ., ., respectively. Then there exists γ  >  such that:
Proof of (i) We first show that there exists γ  >  such that S(γ , w) =  for all w = (w  , w  ) ∈ X with w X ∈ {R, r}, for all γ ∈ [, γ  ]. Suppose to the contrary that there exists {γ n } with γ n → , S(γ n , w n ) =  and w n X ∈ {r, R}.
) (up to a subsequence) with Z X = R or r and S(, Z) = . This is a contradiction to Lemma . or . and hence there exists a small γ  >  satisfying the assertions. Now, by the homotopy invariance of degree with
Proof of (ii) Assume to the contrary that there exists γ n →  and a corresponding solution w n = (w n , w n ) such that r < w n X < R and such that x n →x ∈ [, ]. But Z  >  in (, ) implies thatx ∈ {, }. Supposex = . Since w n (x n ) ≤  and w n () = , there exists y n ∈ (, x n ) such that w n (y n ) ≤ , and hence taking the limit as n → ∞ we will have Z  () ≤ , which is a contradiction since Z  () > . A similar contradiction follows ifx = , using the fact that Z  () < . Further, contradictions can http://www.boundaryvalueproblems.com/content/2014/1/198 be achieved if there exists {x n } ∈ with {x n } ∈ n and w n (x n ) ≤  using the facts that Z  () >  and Z  () < . This completes the proof of the lemma. 
